==g Reims-3-11-2014 4 novembre 2014 1 de 40

Plan

Quelques résultats récents sur des problemes
inverses de sources : reconstruction et
stabilité.

Abdellatif El Badia

Laboratoire de Mathématiques Appliquées de Compiégne
UTC

4 novembre 2014




LMAC Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

Some inverse source problems

FroHa>



==s Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

Some inverse source problems

Inverse EEG problem
m |dentification : Iterative methods
m ldentification : Semi-Iterative methods




=== Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

Some inverse source problems

Inverse EEG problem
m |dentification : Iterative methods
m ldentification : Semi-Iterative methods

Sources with small supports : Algebraic method




=== Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

Some inverse source problems

Inverse EEG problem
m |dentification : Iterative methods
m ldentification : Semi-Iterative methods

Sources with small supports : Algebraic method

Identification algorithm




=== Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

Some inverse source problems

Inverse EEG problem
m |dentification : Iterative methods
m ldentification : Semi-Iterative methods

Sources with small supports : Algebraic method
Identification algorithm

Stability : monopoles and dipoles




=== Reims-3-11-2014 4 novembre 2014 2 de 40

Plan

Outline

=

Some inverse source problems

=

Inverse EEG problem
m |dentification : Iterative methods
m ldentification : Semi-Iterative methods

&

Sources with small supports : Algebraic method

B

Identification algorithm

&

Stability : monopoles and dipoles

Numerical results : dipole sources




=== Reims-3-11-2014 4 novembre 2014 3 de 40
Plan . .
Motivation

One motivation consists in determining locations of epileptic
foci.
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The time-harmonic full Maxwell equations

Let  (the head) be a bounded domain in R® with boundary T". In
biomedical, the epilepsy is often caused by electrical discharges
originate from a small volume and approximated by a current dipole
q.0s. Then the resulting electromagnetic field £/, H is governed by
VxE = —iwuH in R3
VxH = iweE +0E+J in R

J = Z q]'.(SSj
1

o,€ and y are the electromagnetic parameters of 2. The
inverse problem consider consists in determining m, S, ¢;
from the measurements
(f=Exny, g:=Hxn|)
H. Ammari, 2002 SIAM; S. He, V. Romanov 98 W. M.; R. Albanese, P. Monk 2006 IP; AEB ,T. Nara

2013 IP
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EEG/MEG

m MEG : The static (or quasi-static) Maxwell's equations :
VXxE = 0 (—iwpd)

VxH = iwell +0E+J

where J denotes de primary cerebral current

Inverse MEG problem : Determine J from H

AEB T. Nara, 2010, Inverse lll-Posed Probl.

m EEG : Maxwell's equations became :

—V.(oVu) = V.J in Q
ng = 0 on T.

Inverse EEG problem : The inverse EEG problem consists

in determining J from u = f given on a part of the
boundary S C I (aEB T. HD, 2000 IP, these Maha Farah 2007......)
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The eddy current equations

It is obtained by by neglecting the displacement current term :

VxE = —iwuH in R3
VxH = iweE +0cFE+J in R3

J =g,
1

o,€ and u are the electromagnetic parameters of {2. The
inverse problem consider in this talk consists in determining
m, Sj, q; from the measurements

(f::Exn‘F,g::Hxn‘F)

Ana Alonso Rodrguez, Jessika Camano and Alberto Valli, 2012 IP
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The considered medium

iV
S
f
Q
3,
Q, \
AN

The domain €2 is assumed to be partitioned into
non-overlapping sub-domains €2, j =1,...,7.

In Q1 the conductivity o is constant : 0 = 0;.

an = Fl, 89] = Fj UFj_l,j - 2, ey T and FT =TI.

I'; NTj_1 = 0 where I'; is the interface between domains €2,

and Qj+1.
Sj € Ql.
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the moments ¢; are given, then the problem

—V.(oVu) = F in Q
Ou = 0 on T.

o
ov
is well posed (up a constant) for which the trace | is well

defined in H%(S) and then one can define the observation
operator
B[F] = uy

where S C T’
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Iterative method : Kohn-Vogelius method

m The idea of this method is :

to minimize over 2 the energy difference between the solutions of
two forward problems. One of them has a Neumann condition on T"
and the second one has a Dirichlet condition on S based on the
measured data f.

o

m Bibliography :
® R.V. Kohn & M. Vogelius, 1987.
e R.V. Kohn & A. Mckenney, 1990.
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Kohn-Vogelius cost function
Some inverse source
problems Forward Neumann problem :
Inverse EEG problem -V (UV;L) =F m Q
o5 = on I
Forward mixed problem :
Sources with small
supports : Algebraic -V (UV'U) =F m Q
method v — f on S
Identification 0‘% =0 on r \ S
algorithm
t We suppose m known, denote ¢ = (¢;,5;) and set ¢ = u — v.
Stability
Q:igl‘l‘zo‘“ o e Definition :
1 2 1 2
Numerical results Jf (QO) =5 o ‘VW dz +3 |1/’| ds
2 2
dipole sources Q S
e The Green formula gives :
1 o 1 )
sso) = [wohass s [ 1ofas
II/ utc 2Js ov 2Js
= FrOa™
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e

The data f is known partially on the scalp S C I';

e Three dipoles

Euclidean relative error |

respectively 10%, 20

10 20

|pex—pcl

ex
%, - -

50 60 70 80 90 100

in the case of the surface of data S covers

-, 100% of the surface of scalp I's.

FroHa>
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Semi-lterative methods

Some inverse source

problems The identification process is decomposed into two parts :
First step : Consists in solving Cauchy problems in '\ €4

Inverse EEG problem

Oou
— (p,0) =(u,0—)on T
Sources with small f‘S (p7 ) ( ! 8]j) 1
supports : Algebraic

method Second step :
Identification _O-Au — F in Ql
algorithm
ou
Stability c— = 60 onlIy
monopoles and aV
dipoles u = p on Fl
Numerical results H
dipole sources Wlth m
F = E qr-Vis,
k=1

or I is a finite linear combination of multipolar sources.

IE utc

5
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Semi-lterative methods

The identification process is decomposed into two parts :
First step : Consists in solving Cauchy problems in '\ €4

ou
f\g — (p79) :(u’aa) on F1
Second step :

—oclAu= F in{y

ou

— = 0 Tr

G'ay on 11

u= p only

with
m m
F= Z qe-Vig, or F'=> \.is,

k=1 k=1

or I is a finite linear combination of multipolar sources.

5
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Problem statement

Our objective consists in determining the source
N
F=> hjxp, with D;=S5;+¢B;
j=1

considering Helmholtz's equation
Au+ku = F in Q,

and the boundary measurements

(9 = (e e )
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where
B; C R? are bounded domains containing the origin.
The points S; = (x;,y;, zj) are assumed to be mutually
distinct.
€ is a positive real number less than 1.
Their densities h; are functions belonging to the space
L2(9).

Precisely, we are interested in determining the number N, the
locations S; and some characteristics of the domains D, for
example, their masses and their moments.

One will see that solving this problem is equivalent, modulo e,
to solve an inverse multipolar source problem .
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Inverse Problem

N
m F=> hjxp, with D;=5;+cB;
j=1

m ISP consists in determining F' from the Cauchy data

ou
(fa g) - (uhﬂ ainlr)
where three questions are considered :

Uniqueness : Does (f,g) uniquely determine F :
N, }Lj., Sj, Bj?

Stability : How does 7, S;, h;, B, depend on (f,g)?

Reconstruction method : Are there constructive methods
for determining N, h;, S;, B;?
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’ Principle of the method
Some inverse source
problems Let u be the solution to Helmholtz's equation
Inverse EEG problem Au + k2u — F in Q
o win oo | First we introduce the test functions v
supports : Algebraic
methed Hp={ve HY(Q): Av+ kv =0}
Identificati .
agorith then we define the operator
Stability 8U
monopoles and R(g, f,’U) - — /(f - gv)ds
dipoles T 81/
Numerical results and then, one has
dipole sources
N
R(g, fv)=>_ / hi(X)v(X)dX
=17 D;
Ji
Ir/ utc
= & FrOa™
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Principle of the method
How to choose v that would allow us to determine
N, hj, Sj, B
Using, for all n € N, the functions
vi(@,y, 2) = (z + iy)" e

lead to the relationships between the source F' and (f,g)

R(vy: f9) ZZ PO P forall neN

l/f’a = 3B etikz; / iLj (t)[t1 + itg]ﬂeiikat3dt




LMAC

Reims-3-11-2014 4 novembre 2014 22 de 40

Plan

Some inverse source
problems

Inverse EEG problem

Sources with small
supports : Algebraic
method

Identification
algorithm

Stability :
monopoles and
dipoles

Numerical results
dipole sources

IE utc

Sources of small supports

For a given positive € < 1, we choose a fixed integer K such
that e+ is small enough and we set

for all n & N.

N K
o= 2 E

m Forn < K, R(v%, f,g)=al

n

m Forn > K, R(v%, f,g) = ad + O(eE+4)

When k =0, 1/;-)’“ correspond to the mass of the domain D;

and V}’a correspond to the projection of its moments onto the
xy-plane.

FroHa>
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Principle of the method

Moreover, using

o = (y +iz)"et  and b =

" (x + iz)"eﬂky

we get, the following relationships

I

7j=1p=0

T)”B for r=ua,b,c

where P, Pb and Pf are the projections of points S; onto the zy,
y2z- and :ch complex pIanes respectively.

The same relationships can be obtained for multipolar sources

o,an,a o~
J = ZZ)\{ 1,002, 3}W68J7 o= +as +ag
j=1a=0

FroHa>
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Hankel matrix

Let J be an upper bound of (K + 1)N, consider the matrix

e T' 'S
ab of o
T ™ 'S
g of ab o’
J = : .
7. 7. ... r_
@51 Q5 RO )

3 Af of size J x (K +1)N, 31" of size (K + 1)N x (K +1)N
such that
HY = A3I7(45)"

m /" is a multi-diagonal matrix.
m [" is invertible if and only if VJK’T #0 for j=1,...,N.
m A{ is a Vandermonde matrix type.

FroHa>
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e

Matrix 1"

0,r Vl,r

Kr

v 0

K-1,r

where
Vlﬁ’T 0

0 v
2
VB?T'

FroHa>
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Some inverse source

o _

U Let T s a known upper bound of (K + 1)N. Let H', be the
Hankel matrix

Sources with small
supports : Algebraic

method af6 a?[ c e a} 1
T T ‘s
Identification r al O[2 U aj
algorithm Hj = r=a, b, (@
Stability T r r
monopoles and aj -1 aj o a2j —92
dipoles
Numerical results If the projected points Pl are distinct mutually , then

dipole sources

rank (H% ) = (K+1)N ifand only if v} " #0j=1,..,N.

IE utc
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o _

Inverse EEG problem . r 7 7 t
Let p= (K + 1)N and §; = (o, ..., a5, )"
P — (A T v 2 T T
N Let C" = (cfy -y Cp_1) .be the s.o/utlon of HiC" = &)
supports : Algebraic and B’f’ be the COmpan10n matrIX

method

Identification

o 1 ---
algorithm 0 O 1

Stability Br

monopoles and
dipoles

Numerical results

dipole sources C6 C’{ .. PR Cp—l

If P} are distinct and VJK’T #0, j=1,...,N, then
B" admits N eigenvalues of multiplicity (K + 1).

The N eigenvalues are the projections P .

IE utc

F LA
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Stability of monopolar and dipolar sources

We need to introduce some notations and precise statement of
additional information.

o= min {d(I’,5;)},

consider
Qo ={2€Q/dTl,z)>a},
and set
B = diam(§2) — .
Let S; = (S[,‘j,yj,Zj), Pj =j +iyj and Qj =Yj +i2j
[P — Pull, 02 = #HQJ‘—QnH

min
1<g,n<m,j

01 = min
1<jn<m,j#n
and set

0 = min(o1, 02).
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Stability

Let now
P’ = (P})1cjame { = 1,2

be two configurations such that
¢ _
CQu, =12

Consider the Hausdorff distance between the configurations
P! and P? defined as follows

dp (P, P?)
max | max min |[P? — P}||, max mm HPZ P2
1<6<m? 1<j<ml T 1<e<mt 1<5< J
FroHa>



,
mu

Reims-3-11-2014 4 novembre 2014 31 de 40

Plan

Some inverse source
problems

Inverse EEG problem
Sources with small

supports : Algebraic
method

Identification
algorithm

Stability :
monopoles and
dipoles

Numerical results
dipole sources

Ir/ utc

Stability : case J = 37" | \;ds;

Let u’ for ¢ = 1,2 be the solutions of Helmholtz’s equation

corresponding to the sources J* := Zme )\‘Z-Sf
Let (f, ) = (ufr 6V| ) ¢=1,2. Then,

1
ml

ml4+m2—1 /
dp(S',5?) < 2max b

=12 | omB-H- [£1+ 28]

1:||92_91HL2(F)7 82=|’f2_f1|’L2(F)’

L4+ m?2 —1)2
0<cte<ci= min (|A},|\3 co = 2(Tn—+k2.
P iciemt (X1 al) ez \/ B2
1<n<m?
&§ vace
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Stability
SO”]F inverse source

e _

S Let, ! for £ = 1,2 be the solutions of Helmholtz's equation
corresponding to the sources J* := > i )\é Sf Let

Sources with small

supports ; Algebraic | MEFEENGEINE (ufra g% ) for ¢ =1,2. Then, there exists a
permutation m of the integer 1,--- ,m, such that

Identification
algorithm

1
Stability : \/ Q "
monopoles and maX ||S2 Sl )|| < 2
1<

! [e1 + coe2]
dipoles

Numerical results
dipole sources

61 = ||92_gl||L2(F)7 52 = ||f2_f1||L2(r)

— min I\ (2m —1)?
0<cte<cl—lg;1<nm|)\- 7

Jl, Cco = 4/2 + k2.

{=1,2

IE utc
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LL

Stability

In order to establish our stability estimate on point sources, we need
to recall the following theorem, borrowed from graph theory and
called Hall-Rado Theorem.

Consider an even graph having 2m points
A= (alv”' 7am)’ B= (bl’”' abm)

We connect some pairs (a;,b;) such that : For every k € {1,--- ,m}
and every (a;,,--- ,a;,) of A, at least k elements b; of B are
connected to one of them.

Then, there exists a permutation 7 of the integer 1,--- ,m such
that :

a; is connected to by ;) for every j.
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Stability

This theorem has an interpretation as a solution of the problem
of marriage posed in the following terms that we borrowed
from

P. R. Halmos and H. E. Vaughan, The marriage problem,
Amer. J. Math., 72 (1950), pp. 214-215.

Suppose that each of a (possibly infinite) set of boys is
acquainted with a finite set of girls. Under what conditions is it
possible for each boy to marry one of his acquaintances ? It is
clearly necessary that every finite set of k boys be, collectively,
acquainted with at least k girls; this condition is also sufficient.
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Outline

E Numerical results : dipole sources

FroHa>
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e What happens when the number is wrongly-estimated ?
Some inverse source
e truncation level | Estimated 2D Positions
e FEG e 8 0.808 + 1.082i
-1.161 - 0.783i
S i -0.5005 - 0.400i
methed 0.500 + 0.500i
ﬁ:mhc;ﬂon 0.6000 - 0.3000i
5 -0.689 - 0.418i
if;"‘,i’é‘,‘filcs - -0.461 - 0.4009i
dipoles 0.685 - 0.410i
Numerical results : 0.499 + 0.652i
dipole sources 0.727 + 0.312i
J (location ) 1 2 3
S; (0.6,-0.3,0.1) | (-0.6,-0.4,0.0) | (0.5,0.5,0.2)
IE Utc FroHa>
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Effect of separability

singular value

1 2 3 4 5 6 7
singular value index

localization error

107!

01

0.15

0.25

03 035 04 045 05

FroHa>
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** w * * 10 * *
* w o *
*
Sources with small o *
supports : Algebraic ) ¥
method - * " - *
* *
v w . I .
. . T B B 0 s O T 0 T z B « B ® T T T B B « B O 7 0

Identification [ —— [ a— [E-a—
algorithm
Stability :
monopoles and [Fop— [— s pane )
dipoles . . N

o o o

o o o
Numerical results : 02 o . o
dipole sources - v -

o ; o o

o8 - o8

FroHa>
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Inverse EEG problem J 7 9 11 13 15 17 19
[6H% -~ |062]08 0097|115 133] 150 | 1.68

Sources with small
supports : Algebraic

method
effect of the upper bound

Identification

algorithm 100
2 0

Stability e

monopoles and ES

dipoles § 10

1077
Numerical results :
dipole sources 10-4]

8 8000000
0 s 20
singular value index

FroHa>
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Thank You For Your Attention
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